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a b s t r a c t
An analytical solution to the oxygen diffusion equation with a sink term representing
the oxygen consumption rate is obtained for thin tissue slice. The model of the oxygen
consumption rate used depends on the oxygen tension and is known as zero- to first-
order kinetics model (Michaelis–Menten-like kinetics model). The solution reflecting the
conditions inWarburg-type experiments yields a formula for the oxygen uptake of a tissue
slice as a function of the oxygen tension at its boundary. This formula is a useful tool at
identification of the local tissue respiration parameters involved — the maximum oxygen
consumption rate and the critical oxygen tension. Two applications of the formula are
shown. The first one uses data for slices of skeletal muscle tissue taken from Kawashiro
and Scheid [T. Kawashiro, P. Scheid, Dependence of O2 uptake on tissue PO2: experiments
in intact excised rat skeletal muscle, in: D.W. Lübbers, H. Acker, E. Leninger-Follert,
T.K. Goldstick (Eds.), Oxygen Transport to Tissue-V, in: Adv. Exper.Med. Biol., vol. 169, 1984,
pp. 497–505]. In the second case, by use of the effective thickness concept, the formula is
applied to data from an experiment with tissue pieces of other geometry [P.R.B. Caldwell,
B.A. Wittenberg, The oxygen dependency of mammalian tissues, Am. J. Med. 57 (1974)
447–452]; the parameters of six albino-rat tissues (kidney, heart, liver, brain, diaphragm,
and lung) are estimated.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
There are two different types of experiments which can be used to determine the parameters of the local oxygen
consumption of intact tissue. InWarburg-type experiments [1–9], originated inWarburg’s pioneerwork [10], the full oxygen
uptake of the considered tissue is measured together with the oxygen tension of the suspending medium. In this way,
the information used for identification of the local parameters that refer to the points inside the tissue and determine the
processes there is collected outside the tissue, more precisely—at its boundary. The boundary oxygen tension may change
independently and, together with the transport and consumption parameters, determines the intensity of the respiration
processes in the tissue which in turn forms the tissue oxygen uptake, i.e. the oxygen flux through the boundary. The
knowledge of both related quantities measured at the boundary, surface oxygen tension (independent) and oxygen uptake
(dependent), enables identification of the parameters describing the internal processes. In the experiments of the second
group [11–14], the oxygen tension profile is measured in the tissue depth. Then, this distribution across the tissue is used
to estimate the parameters of the local consumption. The determination of these local consumption parameters presumes,
in both cases, that the oxygen diffusion equation with a sink term representing the oxygen consumption rate in terms of
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Fig. 1. Oxygen consumption rate as a function of the oxygen tension.
the identified parameters is used. The simplest assumption, not always explicitly made, is that all over the possible range
of oxygen partial pressures this rate is independent on the local oxygen tension. More realistic and sophisticated models
of the oxygen consumption rate take into account the fact that the consumption at low oxygen partial pressure decreases
with the declining oxygen tension, reflecting in this way the actual kinetics of oxygen utilization at cell level. The most used
model of this type is that of Michaelis–Menten kinetics, see for examples [13,14,8].
The thin tissue slice is an intact tissue preparation which is convenient for theoretical and experimental investigation.
Its simple geometry allows analytical solution of the diffusion equation to be obtained for some elementary cases of
presentation of the consumption rate term. TheWarburg’s solution [10] based on constant consumption rate is the simplest
and most famous. The models including complex oxygen consumption kinetics require, as a rule, numerical methods to be
used [13,14].
In the present paper an analytical solution for thin tissue slice is obtained. It is based on a compound model of
oxygen consumption rate depending on the oxygen tension, known as zero- to first-order kinetics model [12–15], and as
Michaelis–Menten-like kinetics model [15], which is described in Section 2. In the fields of microbiology and biotechnology,
the model of substrate consumption rate of this compound structure is known as Blackman kinetics [16]. Due to the relative
simplicity of this model as well as to its fair adequacy, it has been applied to a variety of problems. Von Ardenne and von
Ardenne [17] used it to study the oxygen supply of the cylindrical region around a capillary in tumor tissue, and Grossman
and Lübbers [18] to estimate the size of the hypoxic zone at the border of an anoxic tissue domain. Cronk and Schubert [15]
applied this model to investigation of the longitudinal oxygen transport in a radially well-mixed Krogh tissue cylinder.
Zero- to first-order kinetics model was used in thin tissue slice geometry too, to interpret the results of oxygen tension
profile experiments [11,13,14]. As far as we know, this model has not been applied in specific conditions of a Warburg-type
experiment. The solution presented below corresponds to the conditionswhich hold in theWarburg-type experiments with
slices of skeletal muscle tissue reported in [5,9]. Aiming to create a tool useful for identification applications, we converted
this solution into a formula for the oxygen uptake of a tissue slice as a function of the oxygen tension at its boundary. The
particular reason to develop this formula is the wish to fit better the data of Kawashiro and Scheid [9] than Warburg’s
formula does. Taking this into account, the formula is designed in terms of these data.
Besides in the mentioned case, this formula is applied to the data from another Warburg-type experiment with a variety
of tissue species, given in [2].
As a result of these applications, the parameters of local oxygen consumption of seven rat tissue species were estimated.
2. Model of the oxygen consumption rate
The model we use considers the respiring tissue as a continuous mediumwith distributed oxygen sinks. This means that
each local tissue volume consists of so many respiring cells that their individualities become unimportant and the volume
respiration can be characterized by the specific consumption rate only. Further, it supposes that there exist two different
regimes of oxygen consumption.
The first one takes place when and where the available amounts of oxygen are sufficient to meet the local metabolic
requirements under the actual conditions (activity, temperature, etc.). It is assumed in themodel that above a critical oxygen
tension level, P∗, the consumption rate, Q , is equal to a maximum one, Q0 = const .
The second regimeoccurs at a locationwhen the oxygen tension there, P , falls below that critical value P∗. According to the
model, the oxygen consumption rate decreases with the falling oxygen tension in the simplest manner-linearly, becoming
zero when the oxygen vanishes at P = 0.
The following presentation of the oxygen consumption rate, illustrated in Fig. 1, summarizes both hypotheses:
Q (P) =

Q0 (P/P∗) for 0 ≤ P ≤ P∗
Q0 for P ≥ P∗. (1)
324 R. Ivanova, G. Simeonov / Computers and Mathematics with Applications 64 (2012) 322–336
The structure of the formula accounts for its name zero- to first-order kinetics model. Except taken alone, this simple
compound model may be considered as an approximation to more complicated formulas giving the oxygen consumption
rate as a function of the local oxygen tension: Q = Q (P), such as that corresponding to the following generalized kinetics:
Q (P) = Q0 P
n
K nM + Pn
. (2)
Here, the Hill exponent, n, may take different values: n = 1 for Michaelis–Menten kinetics, n = 1.4 for rat-liver cells,
as found in [19,20], n = 1.5 for Photobacterium Phosphoreum [21], n = 2 for a variety of tissues, according to [22]. The
Michaelis constant, KM , equals the O2-tension at half-maximum oxygen consumption. This approximating nature of the
model explains its other nameMichaelis–Menten-like kinetics model.
Note that the critical oxygen tension, P∗, as well as the maximum consumption rate, Q0, have to be identified from
experimental data for the tissue respiration under respective conditions. To do this for intact tissue, the considered local
parameters must be involved, together with the experimentally determined functions related to the boundary conditions,
into a solution to the diffusion–consumption equation.
3. Oxygen uptake of a thin tissue slice
Themodel of the oxygen consumption rate, described in the previous section,will be applied to the problemof respiration
of thin tissue layer oxygen-supplied through its surfaces. Such a tissue sheet is the configuration usually used in apparatuses
for determination of the metabolic rate as well as of the Krogh diffusion constant [10,1,3–5,13,14,8,9].
The respiring tissue slice may be regarded as a thin layer of thickness 2Lwith oxygen partial pressure, P , which changes
only across this layer and is homogeneous over each of the layer surfaces. Supposing that these surfaces are under identical
conditions, namely in contact with a gaseous atmosphere or a well-stirred liquid of constant oxygen partial pressure, Ps,
only half-layer need be considered, the plane of symmetry being a surface impermeable to the oxygen. The picture sketched
above, which corresponds to the conditions in Kawashiro and Scheid’s experiment [9], enables the oxygen tension field to
be considered as one-dimensional, P = P(x), with Cartesian coordinate, x, changing from the plane of symmetry, x = 0, to
the tissue—ambient medium interface, x = L. The oxygen is transported through this layer only by diffusion in the direction
normal to the surfaces and is consumed along its path at a specific rate, Q (P), given by Eq. (1). In this way, the governing
Fick’s equation reads:
K
∂2 P
∂ x2
= Q (P) , 0 < x < L. (3)
Here, K is the Krogh diffusion coefficient, supposed constant. This equation is to be solved with respect to the following
boundary conditions:
x = 0: q = 0, (4)
x = L: P = Ps, (5)
where the oxygen flux, q = q(x), is introduced:
q(x) ≡ K ∂ P
∂ x
. (6)
Obviously, the coupled oxygen transport and consumption processes are controlled by the oxygen tension level at the
outer boundary, Ps, and the oxygen flux is always directed from this boundary into the tissue depth, q(x) > 0. Due to
the compound character of the formula for the local oxygen consumption rate, Eq. (1), the analytical solutions to the
diffusion–consumption equation, Eq. (3), differ for tissue regions with P ≥ P∗ and with P ≤ P∗. In this way, depending
on Ps, three different cases sketched in Fig. 2 (and no more) may take place:
(a) the Ps-level is sufficiently high that everywhere in the tissue the oxygen tension is above the critical one: P(x) > P∗
for 0 ≤ x ≤ L. Then Q = Q0 = const for each x (Fig. 2a);
(b) the Ps is such that the critical oxygen tension, P∗, is reached somewhere in the tissue depth, P (δ) = P∗. Here by
δ (L ≥ δ ≥ 0) the ‘‘critical’’ x-coordinate is denoted. In this way, now the layer is divided into two portions: ‘‘outer’’ one,
L ≥ x > δ, which is well O2-supplied and where Q (x) = Q0, and ‘‘inner’’ one, δ > x ≥ 0, where the oxygen consumption
rate follows linearly the decreasing P:Q (P) = Q0 (P/P∗) (Fig. 2b);
(c) the external oxygen tension, Ps, is below the critical, P∗, consequently P(x) < P∗ everywhere in the slice, so in the
whole layer Q depends linearly on P:Q (P) = Q0 (P/P∗) (Fig. 2c).
The condition demarcating the first two cases, (a) and (b), corresponds to reaching the critical oxygen tension, P = P∗,
at the innermost points, x = 0:
P (0) = P∗. (7)
Then Ps ≡ P (L) is equal to some critical value, Pa/bs,cr :
Ps = Pa/bs,cr . (8)
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Fig. 2. Possible distributions of the oxygen tension across the tissue slice (explanations in the text).
The criterion which separates cases (b) and (c) is directly related to the condition at the outer boundary:
P (L) = P∗, i.e. Ps = Pb/cs,cr = P∗. (9)
The diffusion equation (3) is linear for both presentations of the oxygen consumption rate (see Eq. (1)) and can be solved
easily.
For Q = Q0 = const , which corresponds toWarburg’s model, the solution satisfying the condition at the outer boundary,
Eq. (5), is
P(x) = Ps + Q02K

x2 − L2+ a (x− L) , (10)
and the respective oxygen flux is
q(x) = Q0 x+ K a. (11)
In the other case, Q (P) = Q0 (P/P∗), the solution, which satisfies the impermeability condition at x = 0, Eq. (4),
reads
P(x) = 2C cosh

Q0
P∗ K
x

, (12)
q(x) = 2C K

Q0
P∗K
sinh

Q0
P∗ K
x

. (13)
Here, a and C are constants of integration. In cases (a) and (c) they have to be determined from the respective second
boundary condition, Eq. (4) or Eq. (5). After doing this, the solutions written in terms of the dimensionless variables
xn ≡

Q0
P∗ K
x, Ln ≡

Q0
P∗ K
L, (14)
become:
in case (a):
P (xn) = P∗

Ps
P∗
+ 1
2

x2n − L2n
 
, 0 ≤ xn ≤ Ln, (15)
q (xn) =

Q0 P∗ K xn; (16)
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in case (c):
P (xn) = P∗

Ps
P∗
cosh xn
cosh Ln

, 0 ≤ xn ≤ Ln, (17)
q (xn) =

Q0 P∗ K
Ps
P∗
sinh xn
cosh Ln
. (18)
Case (b) is more complicated because both solutions, Eqs. (10) and (12), have to be matched at an unknown coordinate,
x = δ, which must be determined during the problem solving. The matching conditions
x = δ: P = P∗, (19)
x = δ: q-continuous, (20)
lead to the following presentation of oxygen tension and oxygen flux over both intervals:
P (xn) = P∗ cosh xncosh δn , 0 ≤ xn ≤ δn, (21)
q (xn) =

Q0 P∗ K
sinh xn
cosh δn
; (22)
P (xn) = P∗

1+ (xn − δn) tanh δn + 12 (xn − δn)
2

, δn ≤ xn ≤ Ln, (23)
q (xn) =

Q0 P∗ K (xn − δn + tanh δn) . (24)
The matching coordinate, δn ≡

Q0
P∗K δ, is unknown in advance and has to be determined from the equation
tanh δn = 1− (Ps/P∗)
δn − Ln +
1
2
(δn − Ln) . (25)
This equation is nonlinear and, despite the linearity of the diffusion equation over each of both intervals, 0 ≤ xn ≤ δn and
δn ≤ xn ≤ Ln, makes the whole problem nonlinear in this case.
The use of the obtained P (xn)-distributions permits the ‘‘switching’’ values, P
a/b
s,cr and P
b/c
s,cr , defined in Eqs. (8), (9), and
respective δn to be determined:
Pa/bs,cr = P∗

1+ 1
2
Ln2

and δn = 0; (26)
Pb/cs,cr = P∗ and δn = Ln. (27)
Now, the oxygen uptake of the tissue sheet, qs ≡ q (L), can be obtained as a function of the oxygen tension at the tissue-
ambient medium interface, Ps ≡ P (L). Calculating the oxygen flux through the outer boundary of the tissue layer, x = L,
this relationship can be written in the form:
qˆ

Pˆ

=

((Ln tanh Ln) /2) Pˆ for 0 ≤ Pˆ ≤

2/Ln2
 ;
(Ln − δn + tanh δn) /Ln for

2/Ln2
 ≤ Pˆ ≤ 2/Ln2+ 1,
where δn satisfies the equation:
(δn − Ln) tanh δn −

(δn − Ln)2 /2
 = 1− Ln2/2 Pˆ;
1 for Pˆ ≥ 2/Ln2+ 1.
(28)
Here,
Pˆ ≡ Ps/

Q0 L2

/ (2K)

, qˆ ≡ qs/ (Q0 L) (29)
are the dimensionless oxygen tension in the ambient medium and the oxygen flux through the surface of the tissue slice.
It is seen that the function qˆ

Pˆ

given by Eq. (28) depends additionally on the dimensionless parameter Ln. So, the
obtained dependence of qˆ on Pˆ is one-parametric: qˆ = qˆ

Pˆ; Ln

. Fig. 3a illustrates this relationship for different values of
Ln. According to Eq. (28), each curve consists of three segments—linear, nonlinear and horizontal, separated each from the
next one by asterisk. The respective dimensionless thickness, δ/L, of the inner slice layer which is at sub-critical conditions,
P(x) ≤ P∗, is shown in Fig. 3b. For comparison, the curve corresponding to Warburg’s case of critical threshold absence in
the oxygen consumption is shown, too. For each fixed Ln-value (for example see the curves for Ln = 0.75 in Fig. 3a, b) there
exist external conditions, Pˆ ≥ 2/Ln2 + 1, when the consumption rate is maximum and the oxygen uptake, qs = Q0 L
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Fig. 3. Oxygen uptake (a) and thickness of the inner slice layer at sub-critical conditions (b) as functions of the surface oxygen tension for different values
of the dimensionless parameter Ln .
(segment AB), does not depend on Pˆ for the whole slice thickness (δ = 0, segment A1B1). When Pˆ decreases from
Pˆ = 2/Ln2 + 1 (point B) to Pˆ = 2/Ln2 (point C), the oxygen uptake falls nonlinearly. Then, the thickness of the outer
layer of maximum oxygen consumption, L − δ, decreases from L (point B1, δ = 0) to zero (point C1, δ = L). At the end, for
Pˆ = 2/Ln2, sub-critical local conditions, P(x) ≤ P∗, start to hold over the whole slice thickness (δ = L, segment C1 D1).
Under these conditions, the oxygen uptake falls linearly up to zero (point D) when Pˆ vanishes. Warburg’s case which may
be considered as corresponding to zero critical tension, P∗ = 0, arises when Ln → ∞, and thus it is a limiting one as it is
shown in Fig. 3a, b.
Two are the possible applications of Eq. (28). When the parameters of the respiring tissue, P∗, Q0, K , and L, are known,
for a given oxygen tension outside the slice, Ps, this formula determines the respective oxygen uptake, qs = qs (Ps)—this is
its direct application. The second, more important, use of Eq. (28) is for identification of the tissue parameters. This inverse
problemmay be formulated as follows: for a given set of simultaneously experimentally determined Ps and qs values, (P
exp
s,i ,
qexps,i ), find such tissue parameters, P∗, Q0, K , and L (or some of them, the others known from elsewhere), that the theoretical
curve (Ps, qs), obtained by use of the model involving these parameters, gives best fit to the data. Similar applications of
Eq. (28) for identification purpose are presented in the next two sections.
4. Application to Kawashiro and Scheid’s data
The compound formula Eq. (28) was applied to the experimental data, obtained by T. Kawashiro and P. Scheid in intact,
excised rat skeletal muscle suspended in gas phase [9]. The reported data give the oxygen uptake of thin muscle slices, qs,
as a function of the surface oxygen tension, Ps. The main feature is that above a critical Ps-value, Ps = Ps,crit (do not confuse
with P∗), the O2 uptake is apparently independent of Ps, while below Ps = Ps,crit the oxygen uptake monotonically declines
with decreasing Ps. Although the behavior of the experimental data as a whole is in agreement with the prediction given
by Warburg’s model, the authors [9] have noted that the experimental Ps = Ps,crit appears to be about 40% larger than that
predicted by Warburg’s model.
In Figs. 4 and 5 an application of the qs vs. Ps relationship obtained here to Kawashiro and Scheid’s experimental data is
shown. Fig. 4 gives in dimensional form data for one individual experimental tissue [9, Fig. 1] compared with predictions of
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Fig. 4. Application of the qs vs. Ps relationship, Eq. (28), to experimental data for an individual skeletal muscle slice (Kawashiro and Scheid [9, Fig. 1]).
Fig. 5. Application of the qs vs. Ps relationship, Eq. (28), p to combined experimental data for 10 skeletal muscle slices (Kawashiro and Scheid [9, Fig. 2]).
Warburg’s and the presentmodel. All parameters are taken from this paper [9] excluding the critical PO2-value, P∗. In order to
obtain best fit to the experimental data (in the least squares sense, for details see Section 5), it was posed P∗ = 3.11mm Hg.
The line corresponding to this value is the resulting best fitting curve. The χ˜2-probability level corresponding is P = 0.997.
It is seen that both models, Warburg’s and the present, equally fit the data. For comparison, the curves approximating
the data at probability levels of P = 0.99 and P = 0.95 are shown. They are obtained when P∗ = 12.27 mm Hg and
P∗ = 21.54 mm Hg, respectively.
Fig. 5 presents in a dimensionless form which corresponds completely to the original graph [9, Fig. 2] the results from
10 experimental tissues measurement, as given there. The line with Ln = 3.132 is the best fitting one drawn according to
Eq. (28). This Ln-value was obtained by the method of least squares spread over all experimental points shown in Fig. 5.
The sum of squares of the deviation of the theoretical predictions from the respective experimental values for this line is
0.540, while for Warburg’s line it is 0.753. As it is seen, the proposed model gives a better fit of the data than Warburg’s
model. It is interesting to be noted that Warburg’s curve may be closely approximated by a line obtained from Eq. (28) for
Ln ≈ 195–215. For comparison, a line which corresponds to Ln = 2.237 disposed on the other side of the optimal one is
drawn. Obviously, it is of main interest to obtain dimensional values of the respective parameters. Taking the mean for all
10 experimental cases presented in this figure half-thickness, L = 179 µm, and maximum consumption rate, Q0 = 0.77×
10−3 mmol O2/min/cm3 tissue, and assuming the K -value obtained in [5], K = 1.31 × 10−9 mmol O2/min/cm/mm Hg,
the critical oxygen tension, P∗, which corresponds to the optimal Ln = 3.132, is determined to be P∗ = 19.2 mm Hg.
5. Application to Caldwell and Wittenberg’s data
As a second example, Eq. (28) was applied to the data for oxygen dependency of several albino-rat tissues obtained by
P.R.B. Caldwell and B.A. Wittenberg and reported in [2]. These data refer to steady-state oxygen uptake of tissue slices as
a function of the oxygen tension in the suspending well-mixed buffered solution containing substrate. Sliced tissue of six
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Fig. 6. Application of the qs vs. Ps relationship, Eq. (28), to data for kidney, heart, liver, brain, diaphragm and lung (Caldwell and Wittenberg [2, Fig. 2]).
organs was studied in the experiment. The slices of heart, lung, liver and kidney cortex were 600 µm thick, with a surface
area of 5–10mm2. The full thickness of the diaphragmmuscle was used with pieces of the same surface area. Because of the
friability of the brain tissue, small 2 by 4 mm2 chunks of cerebral cortex were bluntly dissected off and used. The original
data for oxygen consumption rate given in ml O2/min/g tissue were recalculated to mmol O2/min/cm3 tissue by use of the
following conversion factors: 1 mol O2 to 22.393 l STP and 1 cm3 tissue to 1.07 g tissue. These data are presented in Fig. 6.
The assumed Krogh diffusion coefficients for considered tissues were taken from different sources as listed in Table 1.
Unfortunately, the reported data on the individual geometry of slices are not sufficient to apply formula Eq. (28) directly.
On the other hand, these data show that the shape of the slices used is far from that of a thin tissue sheet on which our
model is essentially based. That is why it was decided to vary the thickness, L, in our computations. In order to obtain best
fit to the experimental data, the respective maximum consumption rate, Q0, was varied, too. In this way, the problem of
best fitting the experimental data led to a procedure for identification of all dimensional parameters, P∗, Q0, L, and K , based
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Table 1
Parameters of various tissue species obtained by identification based on the qs vs. Ps relationship, Eq. (28).
Tissue species→ Kidney Heart Liver Brain Diaphr. Lung Sk. muscle
Parameter ↓
Degrees of freedom 4 8 6 4 6 6 7
S.E.× 104 , mmol O2/min/cm3 tissue 5.0 2.0 3.5 2.0 2.5 0.55 0.5
K × 109 , mmol O2/min/cm/mmHg 0.588a 1.44b 0.65c 1.351d 0.76e 1.469f 1.31g
Q0 × 103 , mmol O2/min/cm3 tissue 4.186 2.939 2.536 2.484 1.574 0.488 0.615
Leff , µm 47.73 90.98 51.12 85.84 91.06 225.71 190.0h
P∗,opt , mm Hg 0.0001 0.0001 0.0001 4.6 0.0001 0.0001 3.11
Probability level, P 0.975 0.998 0.982 0.997 0.993 0.989 0.997
P∗ (P = 0.995),mmHg <10−4 4.38 <10−4 1.7 / 7.33 <10−4 <10−4 <10−4/8.37
P∗ (P = 0.990),mmHg <10−4 5.7 <10−4 9.18 3.2 0.0001 12.27
P∗ (P = 0.975),mmHg 0.0001 7.67 1.7 11.54 8.9 4.1 17.10
P∗ (P = 0.950),mmHg 3.74 9.6 5.1 13.54 13.45 7.3 21.54
P∗ (P = 0.900),mmHg 7.51 12.0 8.6 15.92 19.6 11.9 26.37
a Rabbit kidney cortex, 38 °C [23].
b Rat myocardium, 37 °C [24].
c Guinea pig liver, 37 °C [23].
d Rat gray matter, 37 °C [25].
e Rat diaphragm, 37 °C (see [5]).
f Rat pulmonary tissue, 37 °C [26].
g Rat skeletal muscle, 37 °C [5].
h This value was fixed.
on Eq. (28). This procedure consists of searching for such an optimal set of parameters (P∗,Q0, L, K)opt which minimizes
the respective least squares criterion applied to the experimental data. In the performed computations the K -values were
fixed, i.e. non-varied. The L-value was varied from 20 to 300µm (the maximum half-thickness of the slices reported in [2]).
To underline the conditional character of the slice thicknesses obtained in this way, they are noted as effective, Leff . The
maximum consumption rate, Q0, was searched for in the interval

qmaxs,i − 12 qmaxs,i , qmaxs,i + 12 qmaxs,i

, where qmaxs,i is the largest
experimental qs-value for the considered tissue. The computational experiments showed that in practice the obtained Q0
values are not else but the mean ordinates of those experimental points which form the plateau portion of the respective
curve. At the end, the most important parameter, P∗, was searched for in the interval 0.0001–200 mm Hg. The lower bound
was imposed by computational reasons—when P∗ tends to zero, the parameter Ln (see Eq. (14)b) increases up to infinity, and
the used value is the least one that guarantees stable computation. The upper bound is the largest experimental Ps-value.
The described identification was performed by use of the following variant of the reduced chi-squared criterion [27]:
χ˜2 ≡ 1
d
N
i=1

qs,i − qexps,i
S.E.
2
. (30)
Here, qs,i are the theoretical qs-values predicted by the Eq. (28) for Ps = Pexps,i , where Pexps,i stands for the experimental
Ps-values, and q
exp
s,i are the corresponding experimental oxygen uptake values. The number of the experimental points (P
exp
s,i ,
qexps,i ) used is N , and the degree of freedom, d, is defined as N minus the number of the parameters under identification
(3 or 2 in the present calculations). The standard error, S.E., was assumed to be≈0.1 qmaxs,i . After obtaining the set of searched
parameters that gives minimum to the χ˜2-criterion, χ˜2opt , the corresponding probability level, P = Prob

χ˜2 ≥ χ˜2opt

, was
determined according to [28, Table 26.7].
The obtained results are collected in Table 1. For the brain, the critical P∗-value is P∗,opt = 4.6 mm Hg. For all other
tissues, the optimal P∗ is at the lower bound of the interval, P∗,opt = 0.0001 mm Hg. This means that the true minimum
with respect to this parameter lies closely to zero. Formally this fact may be interpreted as absence of critical threshold, i.e.
that Warburg’s model holds. However, the statistical approach to the interpretation of the data is more adequate than the
direct absolute minimization, because it gives a quantitative estimation of the model and data conformity. In Table 1, the
P∗-values corresponding to some standard probability levels, P = 0.995, 0.990, 0.975, 0.950 and 0.900, when chi-square
test for goodness of fit was applied, are given. They were obtained by means of varying this parameter only, the other
parameters being fixed at their optimal values, which are listed in the respective columns of the table. When solving this
inverse problem for some of the listed probability levels, P , the critical oxygen tension, P∗, was varied until obtaining such
criterion value, χ˜2P , that satisfies the condition Prob

χ˜2 ≥ χ˜2P
 ≈ P . The values χ˜2P corresponding to respective P were
taken from Table 26.8 of [28]. As it is seen, at a reasonable probability level as P = 0.975, the critical O2-tension may be
essentially high for all tissues with exception for the kidney. Having a look at Fig. 6, one can see that for every tissue species
the curve with optimal P∗ and that with P∗ corresponding to P = 0.975 approximate the data equally well. In this way, the
proper choice of model between Warburg’s and the zero-to-first-order one might be a difficult problem. This difficulty lies
in the lack of experimental data for low Ps (see again Fig. 6). Indeed, the parameters of either model are identified from data
for the available ‘‘large’’ Ps, for which values themodels do not differ. The difference in the low Ps region should be detectable
if experimental data were available for this region.
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Table 2
Diffusion penetration depth of oxygen (DPDO) at different surface oxygen tensions, Ps , and Leff for various tissue species.
Tissue species→ Kidney Heart Liver Brain Lung Sk. muscle
Parameter ↓
DPDO (Ps = 10 mm Hg), µm 29 54 33 66 135 108
DPDO (Ps = 40 mm Hg), µm 42 77 51 89 195 160
DPDO (Ps = 100 mm Hg), µm 59 106 74 120 272 226
Leff , µm 48 91 51 86 226 190a
a This value was fixed.
6. Discussion
The obtained formula, Eq. (28), is an exact mathematical consequence from the assumed hypotheses concerning the
geometry of the tissue preparation, the respective boundary conditions and the model of the tissue diffusion–consumption
processes. So, the formula itself is out of discussion. But, the conditions under which it is obtained are subject to a discussion
with respect to the possibility the solution to be used for the purposes of estimation of the tissue respiration parameters.
The first problem arising here is related to the non-permeability condition for O2 imposed at the plane of symmetry, Eq. (4).
It models the experimental situation where the tissue slice separates two chambers containing well stirred gas mixtures
of equal oxygen tension as in Kawashiro and Scheid’s experiment [9], or when it is freely suspended in a medium [2]. The
discussed boundary condition is a ‘‘soft’’ one because it prescribes only the vanishing of the oxygen flux at x = 0, i.e. at a
given distance, L, from the outer oxygen supplying boundary, but not the level of the oxygen tension there. In such away, this
condition may be almost satisfied, q ≈ 0, at a depth much less than the real half-thickness of the slice, the deeper-disposed
tissue layers being under non-gradient, and hence, oxygenless conditions. Obviously, this non-respiring tissue region does
not influence the oxygen uptake of the tissue, i.e. qs. This situation was studied in the authors’ paper [29] where the concept
of Diffusion Penetration Depth of Oxygen (DPDO) was introduced. DPDO is that distance from the surface of a biological tissue
up to which the oxygen entering through this surface can be delivered via diffusion. Due to the oxygen consumption, both
oxygen flux and oxygen tension vanish at this distance. In [29] DPDOwas estimated for a tissue half-space and for the tissue
region outside a cylinder that models a capillary. The oxygen consumption rate was described by the Michaelis–Menten
model (see Eq. (2) with n = 1). In the half-space case, it was shown analytically that DPDO has asymptotical character. In
order to determine DPDO, the reduced oxygen tension and flux density at some depth ∆ from the supplying boundary, P∆
and q∆, were determined as parts of the respective quantities at the boundary, Ps and qs: P∆ = α Ps, q∆ = β qs. The reduction
parameters α and β (0 < α < 1, 0 < β < 1) specified the level of penetration. Then, as DPDOwas taken that asymptotical
value to which the distance ∆ approached when the penetration level parameters α = β tended to zero. In Table 2, for
the tissue species studied in the present paper, DPDO at different surface oxygen tensions, Ps, is given together with the
effective half-thickness obtained at the identification procedure, Leff . The oxygen tensions of 100 and 40mmHg correspond
to arterial and venous blood, respectively. The comparison shows that the effective half-thickness introduced when applied
Eq. (28) to Caldwell and Wittenberg’s data, Leff , may be interpreted as effective depth of diffusive O2-penetration. Indeed,
the oxygen uptake of the tissue, qs, on whose basis Leff is identified, takes into account the diffusion–consumption processes
in the top tissue layer of thickness less than or equal to DPDO. The tissue disposed below this depth (if there is such tissue)
automatically has negligible effect on qs.
One more feature has to be discussed. Because of departure of the tissue pieces shape from that of a thin slice, its
geometrical thickness is not a correct characteristic length of the process of diffusion into the tissue. Such an appropriate
reference length might be the ‘‘equivalent half-thickness’’, Leq, defined as
Leq ≡ volume of the tissue piecefull surface of the tissue piece . (31)
Leq is a purely geometrical parameter. It gives the thickness of a virtual layer that can be obtained if the volume of the
tissue piece is ‘‘spread’’ uniformly over its full surface. So, Leq is an averaged estimate of the distances (measured along the
inward normal to the piece surface) from the surface to the innermost piece points. Obviously, for an infinite flat plate of
thickness 2l, Leq = l. The equivalent half-thickness takes into account the fact that a disc-shaped tissue piece which is freely
suspended in a oxygenated environment is oxygen supplied not only through both bases, but through its lateral surface,
too. For such a disc-shaped slice of cross-section area F and half-thickness l, the introduced length Leq can be evaluated
throughout the definition formula Eq. (31). Indeed, the volume of such a tissue piece is F ·2l, and its full surface is 2F + s ·2l,
where s is the base perimeter. For the simple cross-sections considered below, their perimeters can be easily expressed
through the respective area: s = a√F , a being a dimensionless parameter that depends on the cross-section shape. E.g., for
a circle of radius r: F = π r2, s = 2π r , and a = s/√F = 2πr/ √πr = 2√π ≈ 3.545. Similarly, a = 4 for a square,
a = 6/√2 ≈ 4.243 and a = 8/√3 ≈ 4.619 for rectangles of 2:1 and 3:1-side-ratio, respectively. Substitution of the volume
and surface presentations into Eq. (31) leads to the following expression for the reciprocal Leq:
1
Leq
= 1
l
+ a√
F
. (32)
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Table 3
Variability of the critical oxygen tension with skeletal muscle slice parameters for the combined experimental data by Kawashiro and Scheid [9, Fig. 2].
L, µm K × 109 , mmol O2/min/cm/mmHg Q0 × 103 , mmol O2/min/cm3 tissue P∗ , mm Hg Ln , nondim
156 (min) 1.15 (min) 0.62 (min) 13.375 3.1311
156 (min) 1.15 (min) 0.92 (max) 19.847 3.1303
156 (min) 1.40 (max) 0.62 (min) 10.987 3.1363
156 (min) 1.40 (max) 0.92 (max) 16.303 3.1288
202 (max) 1.15 (min) 0.62 (min) 22.426 3.1301
202 (max) 1.15 (min) 0.92 (max) 33.277 3.1302
202 (max) 1.40 (max) 0.62 (min) 18.421 3.1345
202 (max) 1.40 (max) 0.92 (max) 27.335 3.1307
179 (mean) 1.275 (mean) 0.77 (mean) 19.764 3.129
179 (mean) 1.31 (fixed) 0.77 (mean) 19.236 3.132
192.85 (opt.) 1.386 (opt.) 0.772 (opt.) 21.187 3.132
193.21 (opt.) 1.31 (fixed) 0.859 (opt.) 24.984 3.130
For Caldwell and Wittenberg’s tissue slices of half-thickness l = 300 µm, and F = 5 mm2, the formula gives for listed
cross-section shapes: Leq ≈ 203.3; 195.2; 191.2; 185.2 µm. For F = 2 mm2 the respective estimates are: Leq ≈ 171.2;
162, 3; 157.9; 151.5 µm.
When applying this formula to the individual muscle tissue slice used in Kawashiro and Scheid’s experiment (l =
190 µm, F = 2.01 cm2, circular cross section), one obtains Leq = 181.4 µm. The averaged data, l = 179 ± 23 µm,
lead to Leq ≈ 171 ± 21 µm. In both cases, the relative deviation,

l− Leq

/l, is about 4.5%. This relative deviation may
be used as a criterion of tissue slice ‘‘thinness’’. Adopting a 5% limit, the tissue slices used in Kawashiro and Scheid’s study
may be classified as ‘‘thin’’, while these in Caldwell and Wittenberg’s one are quite far from ‘‘thinness’’ (relative deviation
≈30%–50%).
The comparison of the obtained Leff for different tissues (see Table 1) with Leq shows that, except for lung tissue, the
O2-penetration depth ranging from Leff ≈ 48µm (kidney) to 91µm (heart and diaphragm) is much less than the estimated
Leq ≈ 150–200 µm. Opposite, for lung tissue Leff ≈ 226 µm is very close to Leq. In this way, for the first five tissues the
innermost layers are not oxygen supplied. A possible explanation lies in the fact that their oxygen consumption rate is
relatively high: from Q0 ≈ 0.0042 mmol O2/min/cm3tissue for kidney to 0.0016 mmol O2/min/cm3 tissue for diaphragm,
while for lung tissue it is quite low,Q0 ≈ 0.0005mmolO2/min/cm3 tissue. The difference in Leff for liver (≈51µm)andbrain
(≈86 µm) which have practically equal O2-consumption rates, Q0 ≈ 0.0025 mmol O2/min/cm3 tissue, may be explained
with the two-fold difference in the diffusion coefficients K − 0.65 × 10−9 mmol O2/min/cm/mm Hg for liver, against
1.35× 10−9 mmol O2/min/cm/mmHg for brain.
Summarizing all considerations in the discussion above, onemay conclude that the effective half-thickness, Leff , obtained
at identification, being closely related to the diffusion penetration depth of oxygen into a biological tissue, is an adequate
geometrical characteristic of the tissue respiration. It is equally applicable to thin tissue slices and to tissue pieces of other
form. In the latter case, Leff plays the role of thickness of a ‘‘half-slice’’, like in Section 3, which is based on the full tissue
piece surface and consists only of the oxygen supplied tissue of the piece.
The second range of problems is related with the sensitivity of the critical oxygen tension values, P∗, to changes in other
parameters. In order to study this problem, the data corresponding to Kawashiro and Scheid’s Fig. 2 were used. According
to them, the parameters change as follows:
156 ≤ L, µm ≤ 202
1.15× 10−9 ≤ K , mmol O2/min/cm/mmHg ≤ 1.40× 10−9
0.62× 10−3 ≤ Q0, mmol O2/min/cm3 tissue ≤ 0.92× 10−3.
For each vertex of this three-dimensional parametric ‘‘slab’’ the P∗-value which corresponds optimally to the experimental
data was determined. These values are presented in Table 3, together with the results for themean values of the parameters
and the optimal ones obtained varying them all in the above pointed limits. The results obtained in the same manner but
with a fixed value of the Krogh diffusivity coefficient, taken from [5], K = 1.31×10−9 mmol O2/min/cm/mmHg, are given,
too. It is important to be noted that each set of parameters (L, K ,Q0, P∗) corresponds practically to one and the same value
of the nondimensional parameter Ln, L
opt
n , namely
Q0
P∗ K
L = Loptn ≈ 3.132. (33)
Indeed, the obtained solution of the diffusion problem converted into formula Eq. (28), depends on the only complex
nondimensional parameter Ln. Every optimizing procedure identifies this parameter as a whole, Ln = Loptn . Then, only one
among the parameters L, K ,Q0 and P∗ may be determined, the other three being known from elsewhere. It seems natural
that this parameter should be P∗. Indeed, themaximum consumption rate, Q0, may be determined independently using only
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these data points that form the plateau. The Krogh diffusivity coefficient, K , might be considered well known from other
measurements. The half-thickness, L, for sufficiently thin slices (L ≈ Leq ≈ Leff ), is a measurable geometrical parameter. In
this way, Eq. (33) rewritten as
P∗ = 1
Loptn
2 Q0L2K (34)
gives the critical oxygen tension. The dependence of such an estimate for P∗ on L is the strongest. According to the Table 3,
for fixed Q0 = 0.92 × 10−3 mmol O2/min/cm3 tissue (max) and K = 1.15 × 10−9 mmol O2/min/cm/mmHg (min) the
critical oxygen pressure changes from 19.8 mm Hg (L = 156 µm (min)) to 33.3 mm Hg (L = 202 µm (max)), i.e. grows
by more than 13 mm Hg. Although the dependence of P∗ on the other parameters is weaker, there are their combinations
which lead, for the regarded example, to P∗ ≈ 11 mm Hg as well as to P∗ ≈ 33.3 mm Hg, while the value corresponding
to the mean parameter values is 19.8 mm Hg and that obtained by optimization is 21.2 mm Hg. This all means that the
correct identification of P∗ essentially depends on the exactness of the other tissue parameters. E.g. (see both bottom rows
in Table 3), fixing only one parameter, K , at a level reduced by≈5.8%, yields a P∗ increase of about 18%.
An idea about the sensitivity of the model to P∗ give the curves in Figs. 4 and 6 (drawn for different values of this
parameter, the others being fixed). On the other hand, the probability levels that correspond to these P∗-values (see two
last compound rows of Table 1) estimate the conformity of these curves to the experimental data. The choice of satisfactory
probability level, and hence, corresponding P∗-value, is a difficult problem that the researcher has to solve in each particular
case on the basis of all available information.
The third problem arising in application of the proposed model concerns the degree of its adequacy to the described
process of oxygen transport and consumption. It is clear that the element most sensitive to possible discrepancies of the
model is the critical oxygen tension, P∗. Data for this parameter extracted from different bibliographic sources are collected
in Table 4. In cases when P∗ was missing, but there was available information about the type of O2-consumption kinetics
(Hill’s exponent n, see Eq. (2)) and respective Michaelis constant, KM , the oxygen partial pressure corresponding to 90% of
themaximal consumption rate, Q0, was calculated. ForMichaelis–Menten kinetics (n = 1) it is equal to 9KM , and for kinetics
found in [22] (n = 2)—to 3KM . We assume that these values, as giving (conditionally and approximately) the beginning of
the plateau portion of a consumption curve, correlate well to P∗. That is why, 3KM – or 9KM – values are presented in the
critical oxygen tension column.
The consideration of this table gives a variegated picture. First, the available data refer to preparations of different level
of tissue organization—isolated mitochondria, isolated cells, tissue pulp and pieces, tissue slices and venous blood from
an organ. Second, the methods are based on different principles and differ in experimental procedures used. Third, it is
impossible to calculate and compare the experimental conditions. So, the referred values of the critical oxygen tensionmust
be considered as tentative only.
A brief review of the conformity of the obtained results to the available data is given below.
Kidney. Independently of the adopted probability level, our results for P∗ of kidney are the lowest among these of all
tissues; down to P = 0.975 the critical oxygen tension, P∗, is practically zero, and comes up to P∗ = 7.5 mm Hg at
P = 0.90. On the other hand, the referenced data are in a broad range—from 2–2.5 to 75–85mmHg. Among the estimates of
Bagdasarova and Khaskin’s [22] data for all tissues under study, these for kidney are the largest, 3KM ≈ 25–31mm Hg. A look
at the respective plot in Fig. 6 explains this discrepancy between our low theoretical values and probably the highest ones in
fact. For kidney, the data points very gradually reach the plateau at a large,≈150mm Hg, surface pressure, Ps. Alternatively,
the nonlinear segment of the theoretical curve sharplymeets its horizontal portion at Ps ≈ 80mm Hg. According to Eq. (26),
this low Pa/bs,cr -value correlates well with low P∗. In this way, it seems that the zero- to first-order kinetics model is rather
rough to describe the gradual oxygen-tension changes of the consumption rate in kidney.
Heart. The behavior of the theoretical curves at all presented probability levels corresponds well to the data. That
is why, the value P∗ ≈ 7.7 mm Hg(P = 0.975) may be taken as a reasonable theoretical estimate in this case. The
respective experimental values are: 8, 1 mm Hg ([32], isolated rat-cardiac myocytes), and 3–4 mm Hg (estimate made on
the base of measurement of oxygen content of venous dog-coronary blood in [34]). Bagdasarova and Khaskin’s [22] value,
3 KM ≈ 26–29 mm Hg, are higher, and that by Wainio [33], 9KM ≈ 90 mmHg, much larger.
Liver. Both low critical tension curves, P∗ = 0.0001 mm Hg (P = 0.982) and P∗ = 1.7 mm Hg (P = 0.975) in practice
coincide. They are influenced by the low Ps- points. The value P∗ = 1.7mm Hg is in agreementwith Longmuir’s value for rat-
liver-cell suspension, P∗ ≈ 1.1–1.7mm Hg. The plot for P∗ = 8.6mm Hgobtained at a 0.900-probability level describes very
well these data points that are associated with the segment which gains the plateau. This value, P∗ = 8.6mm Hg, correlates
well to value for rat-liver mitochondria, 8.2 mm Hg [19] as well as to that for rat-liver tissue slice, 7.06 mm Hg [13]. It has
to be noted that the later value is obtained also on the basis of zero- to first-order model but by use of the whole oxygen
tension profile. The estimates 9KM ≈ 20 mm Hg [13] and 3KM ≈ 22–27 mm Hg [22] are two- to three-folds higher.
Brain. This is the only tissue species studied by Caldwell andWittenberg leading to a definitively positive critical oxygen
tension, P∗ = 4.6 mm Hg (P = 0.997) when direct optimization is performed. For all probability levels up to P = 0.950,
the theoretical curves go very closely each to the other. The respective P∗-values are: 1.7 and 7.33 mm Hg at P = 0.995,
9.18 mm Hg (P = 0.990), 11.54 mm Hg (P = 0.975), 13.54 mm Hg (P = 0.950). The explanation lies in the fact that
the spread of data is low. The value P∗,opt = 4.6 mm Hg is in excellent agreement with the data by Grinberg [35] for
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Table 4
Critical oxygen tension for various tissue species (data summary).
Tissue preparation
(Reference)
Method Experim.
conditions
Temp.
°C
Mich. const.
KM ,mmHg
Crit. O2-tension
P∗,mmHg
Isolated rat-kidney
mitochondria [30]
Polarometric Malate 25 – 1.95± 0.30
37 – 2.42± 0.56
Succinate 25 – 3.97± 1.17
37 – 4.49± 1.72
Isolated rat-kidney cellsa Pt-electrode – 37 – 16.0
Rat-kidney pulp [22] Manometric – 22 8.49± 0.30 3KM = 25.5± 0.9
37 9.73± 0.52 3KM = 29.2± 1.6
Rat-kidney pieces [31] Manometric – 25 – 74
37 – 85
Isol. rat-card. myocytes [32] Spectro-photometric Succinate+
glutamate
37 – 8.1b
Rat-heart pulp [22] Manometric – 22 9.10± 0.62 3KM = 27.3± 1.9
37 9.10± 0.39 3KM = 27.3± 1.2
Rat-heart preparations [33] Spectro-photometric – – 10 9KM = 90
Venous dog-coron.
blood [34]
Pt-electrode estimation Under narcosis 38 – 4–5 (blood)
3–4 (tissue)
Rat-liver mitochondria [19] Manometric Succinate 20 0.45 3.0
37 1.0 8.2
Rat-liver-cell
suspension [20]
Polarographic Succinate – – 1.1–1.7b
Rat-liver pulp [22] Manometric – 22 7.74± 0.28 3KM = 23.2± 0.8
37 8.68± 0.43 3KM = 26.0± 1.3
Rat-liver pieces [31] Manometric – 37 – 14
Rat-liver tissue slice [13,14] O2-tens.profil+ zero- to
first-order model
Mich.–Menten model
Steady-state 37
– 7.06
2.24 9KM = 20.2
Rat-brain mitochondria [35] Polarographic Norm adapted to
hypoxia at 7000 m
‘‘altitude’’
– – 4.88± 0.36b
– 3.74± 0.25b
Rat-brain homogenatea Manometric – 37 – 4.0
Rat-brain pulp [22] Manometric – 22 7.38± 0.48 3KM = 22.1± 1.4
37 8.90± 0.32 3KM = 26.7± 1.0
Rat-brain tissue slice [13,14] O2-tens.profile+ zero- to
first- order model
Mich.-Menten model
Steady-state 37
– 4.01
0.80 9KM = 7.2
Venous rat-brain blood [36] Pt-electr., gas analysis
estimation
Without narcosis 37–38 24–26 (blood)
– 8–10 (tissue)
Rat-diaphragm pulp [22] Manometric – 22 7.61± 0.22 3KM = 22.8± 0.7
37 8.48± 0.27 3KM = 25.4± 0.8
Rat-lung pulp [22] Manometric – 22 4.90± 0.41 3KM = 14.7± 1.2
37 7.15± 0.33 3KM = 21.5± 1.0
Rat-sk. muscle pulp [22] Manometric – 22 8.26± 0.41 3KM = 24.8± 1.2
37 7.92± 0.37 3KM = 23.8± 1.1
Chicken-gizzard smooth
muscle slice [8]
Diffusion across thin layer+
Mich.- Menten model
Quasi-steady-state 37 2.25± 0.75 9KM = 20.3± 6.8
Frog sartorius muscle [11] O2-tens.profile+
Warburgmodel
Steady-state 22 – 5–12
a Data taken from [35].
b Data for critical O2-tension converted by the present authors.
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rat-brain mitochondria, ≈3.5–5.2 mm Hg, as well as with these of [26], 4 mm Hg. This value corresponds closely to the
result obtained by use of the same model, P∗ = 4.01 mm Hg [14]. The estimates made on the basis of the oxygen profile
study and Michaelis–Menten model in [13], 9 KM = 7.2 mm Hg, and using gas analysis of venous-rat brain blood [36],
P∗ ≈ 8–10 mm Hg, also are in the range of values corresponding to the probability levels pointed out.
Diaphragm. Due to the wide range of the data scattering and lack of well correlated estimates, it seems reasonable to
choose the value P∗ = 8.9 mm Hg as corresponding to a moderate probability level, P = 0.975. The respective curve
passes in a satisfactory manner through the cloud of the experimental points. Bagdasarova and Khaskin’s [22] values,
3KM ≈ 22–26 mm Hg, give a more gradual behavior of the consumption rate with the oxygen tension.
Lung. As Fig. 6 shows, the ascending part of our qs–Ps curves at all probability levels demonstrates a behavior different
from this of the experimental data. Indeed, at small Ps the experimental points lie above the theoretical curves and at
larger Ps-below them. This discrepancy might be due to a oxygen tension consumption rate dependence different from
the considered zero- to first-order one giving a fast and uniform increasing of the consumption rate with P . In favor of
such a hypothesis speaks the fact that the estimates obtained here, P∗ ≈ 4–12 mm Hg are less than the experimental,
3KM ≈ 14–26 mm Hg [22] which correspond to a more gradual increase.
Skeletal muscle. Depending on the probability level, the results for P∗ obtained from the data of a skeletal muscle
experiment range from 3.1 to 26.4 mm Hg (the last column of Table 1). The respective P∗-values for the combined
experimental data (Table 3) fall within the interval (11 mm Hg, 27.3 mm Hg), 19–20 mm Hg being the mean value,
and 21–25 mm Hg-the optimal ones. These data are of good correlation with the estimates available in the literature:
P∗ ≈ 5–12mm Hg for frog sartoriusmuscle [11] and 3KM ≈ 24–26mm Hg corresponding to Bagdasarova and Khaskin’s [22]
experiment with rat-skeletal muscle pulp (n = 2). They are in accordance with values 9KM = 20.3± 6.8 mm Hg obtained
by use of the Michaelis–Menten model for chicken-gizzard smooth muscle slice [8], too.
7. Conclusion
An explicit formula for the oxygen uptake of a tissue slice as a function of the oxygen tension at its boundary is
obtained. Despite the simplicity of the zero- to first-order kinetics model used, the derived formula correctly reflects the
diffusion–consumption processes that take place in a respiring tissue. It is applicable to identification of tissue respiration
parameters based on data obtained in Warburg-type experiments with thin tissue slices. By use of the effective thickness
concept, this formula is applicable to data from experiments with tissue pieces of other geometry. The lack of experimental
data in the low Ps-range, where the zero- to first-order kineticsmodel differs fromWarburg’s, maymake the choice between
the two models difficult, as they produce similar predictions.
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